The influence of hyperfine interactions on the tune-out wavelengths of the 39,40,41 K isotopes of the potassium atom was investigated. The hyperfine interaction of the 4s 1/2 ground state results in a shift and splitting of the primary tune-out wavelength near 769 nm. The 4s 1/2 state hyperfine splittings of the primary tune-out wavelength were almost equal to the hyperfine splittings of the ground states. The splittings in the wavelengths were 0.0008, 0.0027 and 0.0005 nm for 39 K, 40 K and 41 K respectively. The hyperfine splitting of the npJ levels leads to the creation of additional tune-out wavelengths. The additional tune-out wavelengths could be difficult to detect due to very small differences from the transition wavelengths to the 4pJ,F states. The hyperfine Stark shift for the ground states of all three isotopes were also computed and the value for 30 K was found to be compatible with the previous experiments and the most recent calculation using relativistic many body perturbation theory.
I. INTRODUCTION
The primary tune-out wavelength for the 4s 1/2 ground state of neutral potassium located between the 4p 1/2 and 4p 3/2 excitations has recently measured to be 768.9712 (15) nm [1] . There have also been calculations of a number of tune-out wavelengths for potassium [2, 3] . The present work extends those calculations to take into consideration the impact of hyperfine interactions on the tune-out wavelengths for the 39,40,41 K isotopes. Plans to measure tune-out wavelengths to increased precision mean that hyperfine splitting could easily become significant at the level of anticipated precision [1, 4] . The present article determines the impact of the hyperfine structure upon the tune-out wavelengths of potassium. We use the matrix elements previously used to determine the tune-out wavelengths of potassium [3] and minimal details of this previous calculation are presented.
The concept of the tune-out wavelength was initially introduced as a means to release one atom species from a two species optical lattice [5] . Other applications of tuneout wavelengths within two species optical lattices [2] have recently been discussed. One of possible application would be the measurements of tune-out wavelengths to make precise estimates of oscillator strength ratios [2] . A relative precision of about 0.2% has been achieved in the 5s → 6p J transition matrix elements of rubidium [6] and a relative precision of 0.19% has been achieved for the (4s → 4p 1/2 ) : (4s → 4p 3/2 ) line strength ratio for potassium [1] . There are relatively few atomic oscillator strengths measured at this level of precision [7] .
The present investigation entails the determination of the polarizability of the K(4s) ground state for different hyperfine levels. The calculations are similar to those used in the determination of the hyperfine Stark shift and there have been a number of experiments and calculations on hyperfine Stark shifts for the alkali atoms [8] [9] [10] [11] [12] [13] [14] . The most important of these investigations are those related to the determination of the blackbody radiation shift of the 137 Cs clock transition [14] . The approach used to determine the influence of the hyperfine shift upon the dynamic polarizability is somewhat unorthodox. Most calculations of the hyperfine Stark shift are performed using third order perturbation theory [13] [14] [15] [16] . The hyperfine interaction operator alters the polarizability in two distinctly different ways. First of all, the hyperfine energy shifts directly enter the denominator in the oscillator strength sum rule used to calculate the dipole polarizability. Second, the hyperfine interactions leads to the mixing of the ground 4s 1/2 state with excited bound ns 1/2 and continuum ε 1/2 states. This results in a change of the 4s 1/2 → 4p 3/2 line strengths. These two effects have roughly same influence on the polarizability.
The approach used to calculate the hyperfine polarizabilities utilizes existing information about the hyperfine interaction constants to determine the hyperfine energy shifts of the low lying states of potassium. We do not use a perturbation theory calculation to determine the impact of the hyperfine interaction on the line strength. Instead, the dipole matrix element from the resonant transition is treated as a parametric function of the binding energy, and matrix elements adjusted for the hyperfine energy shifts are used in the calculation of the polarizability. The method was validated by a comparison with the previous calculated and experimental hyperfine Stark shifts for 39 K [11, [15] [16] [17] [18] . Shifts in the primary tune-out wavelengths for the ground states of 39,40,41 K were found to be very closely related to the hyperfine energy shifts of the ground states.
II. FORMULATION AND CALCULATIONS

A. Hyperfine splitting
The first part of our calculation required the determination of the hyperfine energy shifts of the ground and low-lying excited states. Rather than calculate this information directly, the information is sourced from experiment or other calculations. The potassium dipole polarizability is dominated by the resonant transition, so hyperfine splitting is only taken into consideration for the ground state and some of the low-lying excited states.
According to first-order perturbation theory, the energy for a hyperfine state |LJIF is given [19, 20] by
where E N LJ is the energy for the unperturbed fine structure state and W F is the hyperfine interaction energy. The hyperfine interaction energy can be written as
where,
F is total angular momentum, I is the nuclear spin, J is the total electronic angular momentum of the associated fine structure state, and A and B are hyperfine structure constants. It is usual to give the A and B coefficients in MHz where 1. 
B. Reduced Matrix Elements
The dipole matrix elements between the different hyperfine levels are computed from the original LJ tabulation [3] using the Wigner-Eckart theorem. The original calculations of the potassium tune-out wavelengths were explicitly relativistic. These matrix elements, after making a small energy dependent correction described later, were then used to compute the polarizabilities and subsequently the tune-out wavelengths.
The transition matrix elements between the two hyperfine levels |n 1 L 1 J 1 IF 1 and |n 2 L 2 J 2 IF 2 can be written as
where k = 1 for a dipole transition andF = √ 2F + 1.
The absorption oscillator strength f
for a dipole transition from hyperfine level g → i is defined in the F -representation as
, (5) where ε gi is the excitation energy of the transition.
The matrix elements, A ij , are treated as parametric functions of their binding energies. The functional form adopted is
where E 0,i and E 0,j are the binding energies without any hyperfine splitting. The original (L, J) matrix element set was computed using a single-electron approach with a semi-empirical polarization potential [3] . The partial derivatives were evaluated by redoing the calculations with a slightly different polarization potential and noting the change in the reduced matrix elements. The original 4s → 4p J and 4s → 5p J matrix elements of the (L, J) calculation and the matrix element derivatives are listed in Table II .
C. Handling isotopic effects
Calculations of polarizabilities and tune-out wavelengths have also been done for the 40,41 K isotopes. The references binding energies given in Table I are those of 39 K. The energies attributed to the 40,41 K isotopes in Table I were computed as follows. The energies for the K(5p) states were used as a reference point and held fixed. The overall binding energies of the 40,41 K(4s) and 40,41 K(4p J ) states were then adjusted to be more tightly bound by including the isotope shifts listed in Table III . The binding energies given in Table I for the K(4s) and K(4p J ) states incorporate these shifts. It is necessary to include these shifts since tune-out wavelengths depend sensitively on the energy spacing of the K(np J ) levels from the ground state.
While the separation between the K(4s, 4p J , 5p J ′ ) levels is correct for the different isotopes, the absolute binding energies of these levels cannot be guaranteed to be correct for 40,41 K. This has implications for the relative polarizabilities of the different isotopes, but has little impact upon the determination of the polarizability differences of the hyperfine levels within the same isotope. b . The energies of the different isotopes are normalized so that the energies of the 5pJ levels are the same. Hyperfine interaction constants are sourced from experiment with two exceptions which are denoted by labelling with (T). The absolute binding energies are known to eight significant digits so the digits beyond that should only be interpreted as having significance when comparing the energy differences of the hyperfine levels of the same isotope. The dynamic dipole polarizabilities can be computed with the usual oscillator strength sum-rules. This is
The sum over i includes all allowable fine-structure and hyperfine-structure allowed transitions. The ω → 0 limit of Eq. (7) is the static dipole polarizability. The dipole polarizability also has a tensor component for states with 
F > 1/2. This can be written
Static scalar and tensor dipole polarizabilities for the potassium isotope ground states are listed in Table IV . The polarizability for a state with non-zero angular momentum F g depends on the magnetic projection M g , these can be calculated using the formula [8] ,
and numerical values are given in the supplementary data. Table V gives the hyperfine Stark shift, i.e. the difference between the polarizabilities for two states with the same (L, J) but different F quantum numbers. There have been some previous investigations of the hyperfine Stark shift for 39 K [11, [15] [16] [17] [18] . The polarizability differences in Table V are given in a.u. The hyperfine Stark shift is often reported experimentally as a Stark shift coefficient k, with units of (Hz/(V/m) 2 . This is converted into a.u. by multiplying by 0.4018778×10
8 [8] . The present hyperfine Stark shift, is in very good agreement with the value from a singles plus doubles all-order relativistic many body perturbation theory calculation [11] and about 5% different than the experimental values [17, 18] . Differences with earlier calculations are hard to assess since useful data such as the resonant oscillator strength were not given [15, 16] .
The changes to the dipole matrix elements were an important part of the polarizability calculation. The polarizability difference between the F = 1 and F = 2 states of 39 K was 6.007×10 −4 a.u. However, omitting the matrix element correction resulted in a hyperfine Stark shift of about half this size, namely of 3.306×10 −4 a.u. The changes in the polarizabilities for F = 1 and F = 2 states of 39 K due to change in the matrix elements were −1.688×10 −4 a.u. and 1.013×10 −4 a.u., respectively. The polarizabilities in Table IV need to be interpreted properly. The overall uncertainty in the polarizability is larger than the precision to which the values have been reported would imply. The uncertainty is about 1% [3, 8, 25] . However, the polarizability differences between different hyperfine states are essentially perturbative calculations despite the fact the current methodology involves the calculation of two polarizabilities followed by a subtraction. So the hyperfine Stark shifts can be given to an accuracy of at least 10 −4 a.u. even though the overall precision in the calculated polarizabilities are closer to 1 a.u.
Table V also gives the hyperfine Stark shifts for the ground states of 40 K and 41 K. There does not appear to be any experimental or theoretical information on the hyperfine Stark shifts for either of these isotopes. The hyperfine Stark shift for 40 K is close to three times larger than the hyperfine Stark shift for 39 K. This is a consequence of the larger hyperfine interaction constants of 40 K. The 41 K isotope has the smallest hyperfine interaction constants and the smallest Stark shift.
The calculations of the polarizabilities for 40,41 K isotopes take into account the isotope shifts (IS) of the 4s, 4p J and 5p J states. The energy intervals between these levels incorporate the isotope shifts into the polarizability calculation. However, matrix elements were not adjusted to take into account the overall isotope shift. This means that not much significance can be attributed to the differences in the polarizabilities of the potassium ground states for the different isotopes. These could be estimated if the absolute shift in the ionization energies of these three isotopes were known. However, the isotope shifts of the ground state ionization energies are not known so the isotope shift in polarizabilities of the ground states cannot be estimated. But to reiterate, the present methodology does allow for the difference in polarizabilities due to hyperfine structure to be estimated correctly.
All of the potassium isotopes have a non-zero nuclear spin, so all of the ground states will have a tensor polarizability which is listed in Table IV. The 40 K isotope, with the largest nuclear spin, has the largest tensor polarizabilities. But even for this system, the tensor polarizability does not exceed 2 × 10 −5 a.u. in magnitude. The differences between the polarizabilities for the different magnetic sub-levels of the hyperfine states did not exceed 2 × 10 −5 a.u. Polarizabilities for the different hyperfine magnetic sub-levels are listed in the supplementary data.
E. Tune-out wavelengths
1.
39 K
The tune out wavelengths for the two hyperfine levels of the 4s 1/2 ground state of 39 K are listed in Table VI. Hyperfine splitting leads to two new features in the tune-out spectrum. First of all, the splitting of the 4s 1/2 ground state into two hyperfine levels has resulted in two duplicate sets of tune-out wave lengths, one for the 4s 1/2,F =1 state and one for the 4s 1/2,F =2 state. The tune-out wavelengths are given to eight digits after the decimal point to ensure all the differences between all hyperfine generated tune-out wavelengths are given to at least two digits.
The hyperfine splitting of the 4p J,F levels has also resulted in the creation of additional tune-out wavelengths that arise when the polarizability contributions from two adjacent hyperfine levels act to cancel each other. Figure  1 is a schematic energy level diagram showing the location of all the tune-out wavelengths for the 39 K 4s 1/2,1 state. The hyperfine splitting of the 4p 1/2,F states has resulted in one additional tune-out wavelength, located be- . (7) . The tune-out wavelengths omitting consideration of hyperfine splitting are given for comparison in boldface. Tune-out wavelengths are given to eight digits after the decimal point to ensure differences between adjacent wavelengths near the 4p 3/2,F ′ states are given to at least two digits. The total uncertainty in the tune-out wavelengths is about 0.001-0.002 nm as discussed in the text. tween the excitation thresholds of the 4p 1/2,1 and 4p 1/2,2 states. The hyperfine structure associated with the 4p 3/2 state results in two additional tune-out wavelengths located between the three 4p 3/2,F levels that can undergo a dipole transition with the 4s 1/2,F ′ hyperfine level.
There is one tune-out wavelength for any transition which we define as the primary tune-out wavelength. This wavelength is the one which most closely corresponds to the tune-out wavelengths calculated without hyperfine splitting. For the F = 1 state of 39 K it is indicated on Figure 1 as the wavelength of 768.970185 nm which lies between the excitation thresholds of the 4p 1/2 and 4p 3/2 states. The primary tune-out wavelength for the 4s 1/2,F =2 state of 39 K is 768.971107 nm. The absolute precision of these two tune-out wavelength estimates should be about 0.001-0.002 nm [3] . However, the differences between these two wavelengths is known to a much higher precision. The difference in the energies for these two tune-out wavelengths is very closely related to the hyperfine splitting between these two levels. Table VIII compares the energy differences between the two tune-out primary wavelengths and the hyperfine energy splitting of the two 4s 1/2 hyperfine states. They are in agreement to better than 1.5% and this implies increased precision in the calculated hyperfine shifts of the tune-out frequencies.
While the calculations of the hyperfine Stark shift are critically reliant on the use of the energy adjusted reduced dipole matrix elements, this is not true for the tune-out wavelengths. For example, the adjustments to the reduced matrix element made a contribution of 1 × 10 −6 nm to the 39 K F = 1 tune-out wavelength of 768.970185 nm. The change in the matrix element contributed 8 × 10 −6 nm to the 405.917163 nm tune-out wavelength.
This information above suggests a very simple approach to determine the hyperfine splitting of the primary tune-out wavelengths that are located between the two states of the spin-orbit doublet of the first excited state. The frequency difference would just be the energy difference in the 4s 1/2 hyperfine ground states, i.e. δω tune−out ≈ δE hfs (4s 1/2 ) .
The difference between the positions of the primary tuneout wavelengths with and without hyperfine splitting is also almost equal to the hyperfine energy shifts. For example, the tune-out frequency omitting hyperfine splitting is 0.0592523862 a.u. The tune-out frequency for the F = 1 state is 0.0592524306 a.u. The energy difference of 4.44×10 −8 a.u. is almost the same as the hyperfine energy shift of 4.39×10 −8 a.u.
The tune-out wavelengths also depend on the magnetic sub-level of potassium that is occupied. The tune-out wavelengths associated with the different magnetic sublevels of the 4s 1/2,F states are listed in the supplementary data. The tune-out wavelengths for the M F = 0 and M F = 1 states of 39 K(4s 1/2,F =1 ) were 768.9701808 nm and 768.9701868 nm respectively. The differences in the tune-out wavelengths for any of the different magnetic sub-levels do not exceed 2 × 10 −5 nm. 
2.
40,41 K All properties involving 40,41 K should be interpreted with the contents of the previous section in mind. First of all, the hyperfine Stark shift calculations for these isotopes can expected to have an overall accuracy similar to those of 39 K. However, not much significance can attributed to the differences in the polarizabilities of the 39,40,41 K ground states.
The tune-out wavelengths for 40 K and 41 K are given in Table VII . The tune-out wavelengths without any hyperfine splitting are also tabulated. The differences between the tune-out wavelengths for the different hyperfine states is largest for 40 K. This is expected since 40 K has the largest hyperfine interaction constants.
The shifts in energies have a much larger effect on the tune-out wavelengths than the changes in reduced matrix elements. So differences between the tune-out wavelengths for different isotopes can be estimated from the data in Tables VI and VII 
III. CONCLUSIONS
The impact of hyperfine structure on the tune-out wavelengths of three isotopes of potassium have been calculated. The hyperfine structure of the ground and excited states leads to a number of additional tune-out wavelengths. The additional tune-out frequencies associated with the hyperfine splitting of the np J excited states would be difficult to detect due to the very small energy splittings of the hyperfine levels. The additional tuneout wavelengths associated with the splitting of the 4s ground state are more likely to be detectable in an experiment. The splittings in the tune-out wavelengths for the primary tune-out wavelength of 39,40,41 K are 0.0008 nm, 0.0027 nm and 0.0005 nm respectively. The uncertainty in a recent experiment was 0.0015 nm [1] . The hyperfine splitting in the tune-out wavelengths would become apparent with a modest increase in experimental precision.
The method used to determine the shifts in the tuneout frequency was unorthodox, being essentially a second order calculation using energy and matrix element shifts applied prior to the evaluation of the oscillator strength sum rules. This simplified calculation was adequate for a system with (L, J) = (0, 1/2) quantum numbers and a nucleus with a small quadrupole moment and the agreement with a previous all-order MBPT calculation [11] could hardly have been better. The method could be made more rigorous without a great deal of effort. It should be possible to incorporate the hyperfine operator into the Hamiltonian prior to diagonalization. The additional computational efforts would not be prohibitive.
One result of the present analysis is that the tune-out wavelength is largely insensitive to the small changes in the matrix elements resulting from the hyperfine interaction. The hyperfine interaction driven changes in the tune-out wavelengths are most sensitive to the changes in the transition frequencies. Indeed, the dominant effect on the tune-out wavelengths can probably be estimated by just taking into account the energy splits and shifts caused by the hyperfine interaction.
This research was supported by the Australian Research Council Discovery Project DP-1092620. We thank Dr Marianna Safronova for suggesting we investigate the shifts in the tune-out wavelengths caused by the hyperfine interaction.
